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■ Abstract 

A geometric charactrization of the equation found by Hietarinta and Viallet, which 
satisfies the singularity confinement criterion but which exhibits chaotic behavior, is 
presented. It is shown that this equation can be hfted to an automorphism of a certain 
rational surface and can therefore be considered to be a realization of a Cremona 
isometry on the Picard group of the surface. It is also shown that the group of 
. Cremona isometrics is isomorphic to an extended Weyl group of indefinite type. A 

P5 ' method to construct the mappings associated with some root systems of indefinite 

type is also presented. 

1 Introduction 

> 

^ ■ The singularity confinement method has been proposed by Grammaticos et al. p] as a 

. criterion for the integrability of (finite or infinite dimensional) discrete dynamical systems. 

', The singularity confinement method demands that when singularities appear due to par- 

■ ticular initial values such singularities should disappear after a finite number of iteration 
. steps, in which case the information on the initial values ought to be recovered (hence the 

dynamical system has to be invertible). 

However "counter examples" were found by Hietarinta and Viallet |^] . These mappings 
^ ■ satisfy the singularity confinement criterion but the orbits of their solutions exhibit chaotic 

^ i behavior. The authors of introduced the notion of algebraic entropy in order to test 

the degree of complexity of successive iterations. The algebraic entropy is defined as 
s := lim„_^oo log((in)/?T' where dn is the degree of the nth iterate. This notion is linked 
to Arnold's complexity since the degree of a mapping gives the intersection number of 
the image of a line and a hyperplane. While the degree grows exponentially for a generic 
mapping, it was shown that it only grows polynomially for a large class of integrable 
mappings 1,11,11 . 

The discrete Painleve equations have been extensively studied . Recently it was 



shown by Sakai |15| that all of (from the point of view of symmetries) these are obtained 
by studying rational surfaces in connection with the extended affine Weyl groups. 

Surfaces obtained by successive blow-ups § of P2 or Pi X have been studied by 
several authors by means of connections between the Weyl groups and the groups of 
Cremona isometries on the Picard group of the surfaces |§, |5|- Here, the Picard group 
of a rational surface X is the group of isomorphism classes of invertible sheaves on X and 
it is isomorphic to the group of linear equivalent classes of divisors on X. A Cremona 
isometry is an isomorphism of the Picard group such that a) it preserves the intersection 
number of any pair of divisors, b) it preserves the canonical divisor Kx and c) it leaves the 
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set of effective classes of divisors invariant. In the case where 9 points (in the case of P^, 8 
points in the case of x P^) are blown up, if the points are in general position the group of 
Cremona isometries becomes isomorphic with an extension of the Weyl group of type . 
In case the 9 points are not in general position, the classification of connections between 
the group of Cremona isometries and the extended affine Weyl groups was first studied by 
Looijenga and more generally by Sakai. Birational (bi-meromorphic) mappings on P^ 
(or pi xPi ) are obtained by interchanging the procedure of blow downs. Discrete Painleve 
equations are recovered as the birational mappings corresponding to the translations of 
affine Weyl groups. It was shown that for every Painleve equation in Sakai's list the order 
of the nth iterate is at most O(n^) p7| |. 

Our aim in this paper is to characterize some birational mappings which satisfy the 
singularity confinement criterion but exhibit chaotic behavior from the point of view of 
the theory of rational surfaces. Considering one such mapping and the space of its initial 
values, we obtain a rational surface associated with some root system of hyperbolic type. 
Conversely, we recover the mapping from the surface and consequently obtain the extension 
of the mapping to its non-autonomous version. It is important to remark that this method 
also allows the construction of other mappings starting from suitable rational surfaces. We 
also show some other examples of such constructions. 

In Section 2, we start from one of the mappings found by Hietarinta and Viallet (we 
call it the HV eq. in this paper) and construct the space such that the mappings is lifted 
to an automorphism, i.e. bi-holomorphic mapping, of the surface. The mapping ip' is 
called a mapping lifted from the mapping (/? if coincides with ip on any point where (/? is 
defined. For this purpose we compactify the original space of initial values, C^, to P^ x P^ 
and blow-up 14 times. 

In Section 3, we study the symmetry of the space of initial values. We show that the 
group of all the Cremona isometries of the Picard group of the surface is isomorphic to 
an extended Weyl group of hyperbolic type. As a corollary, we prove that there does not 
exist any Cremona isometry whose action on the Picard group commutes with the action 
of the HV eq. except the action itself. 

In Section 4, we show a method to recover the HV eq. from the surface as an element 
of the extended Weyl group. Each element of the extended Weyl group which acts on 
the Picard group as a Cremona isometry, is realized as a Cremona transformation (i.e. a 
birational mapping) on P^ x P^ by interchanging the blow down structure. Here, a blow 
down structure is the sequence designating the procedure of blow downs. As a result of 
this we obtain the non-autonomous version of the equation. 

In Section 5, we discuss the construction of other mappings from certain rational 
surfaces and show some examples which are associated with root systems of indefinite 
type. 



2 Construction of the space of initial values by blow-ups 

We consider the dynamical system written by the birational (bi-meromorphic) mapping 

(p: <C? ^ 



Vn ) V y^+l / V -Xn + yn + a/y. 



2 I (1) 



where a G C is a nonzero constant. This equation was found by Hietarinta and Viallet 
and we call it the HV eq.. To test the singularity confinement, let us assume xq ^ and 
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Ho = e where |e| <^ 1. With these initial values we obtain the sequence: 

Xq = Xq 

xi=yo = e 

X2 = yi = ae~^ - xo + e 

X3 = y2 = ae-"^ -xo + a-^e^ + 0{e^) 

Xi = yz = -e + 2a~^e^ + 4xQa~'^e^ + 0{e^) 

Xb = yi = rco + 3e + 0{e^) 

X6 = y5 = («a^o ^ + Xq) + 0(e) 

In this sequence singularities appear at n = 1 as e — and disappear at n = 4 and the 
information on the initial values is hidden in the coefficients of higher degree e. However, 
taking suitable rational functions of Xn and yn we can find the information of the initial 
values as finite values. The fact that the leading orders of (x^yi — a)yi, {x2{y2/x2 — 1)^ — 
a)x2 and {x^y^ — a)x3 become —axo, —axQ and —axQ actually suggests that the HV eq. 
can be lifted to an automorphism of a suitable rational surface (although these rational 
functions are of course not uniquely determined). 

Let us consider the HV eq. (/9 to be a mapping from the complex projective space 
P^(C) xP"'^(C) (= P'^ xP"^) to itself. We use the terminology space of initial values as follows 
(analogous to the space of initial values of Painleve equations introduced by Okamoto[jl3|). 

Definition. A sequence of algebraic varieties Xi is (or Xi themselves are) called the 
space of initial values for the sequence of rational mappings cpi, if each ipi is lifted to an 
isomorphism from Xi to Xj+i, for all i. 

Our aim in this section is to construct the surface X by blow-ups P"*^ x P^ such that ip 
is lifted to an automorphism of X, where the mapping (p' is called a mapping lifted from 
the mapping (p if tp' coinsides with p on any point where ip is defined. 

2.1 Regular mapping from Yi to x 

Let the coordinates of P-*^ x P^ be (x, y), (x, l/y), (1/x, y) and (l/x,l/y) and let x = oo 
denote 1/x = 0. We denote the HV eq. as 

9? : (x,y) (x,y) = (y, -x + y + a/y^) (2) 

where (x, y) means the image of (x,y) by the mapping. This mapping has two indeter- 
minate points: (x,y) = (oo,0), (oo,oo). By blowing up at these points we can ease the 
indeterminacy. 

We denote blowing up at (x,y) = (xo,yo) G C^: 

{(x,y) : x,y G C} 
< |(x - Xo, y - yo; Ci : C2) I x, y, Ci, C2 G C 

by 

(x,y) ^ (x - Xo, (y - yo)/(x - xq)) U ((x - xo)/(y - yo),y- yo). (3) 
In this way, blowing up at (x, y) = (xo, yo) gives meaning to (x — xo) /(y — yo) at this point. 
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First we blow-up at {x,y) = (oo,0), {l/x,y) <— {l/x,xy) U {l/xy,y) and denote the 
obtained surface by Yq. Then ip is hfted to a rational mapping from Yo to x For 
example, in the new coordinates ip is expressed as 

{ui,vi) := {l/x,xy) ^ {x,y) = {uivi,{-uivl + ufyf + a)/{ulvl)) 

{U2,V2) ■■= {l/xy,y) ^ {x,y) = {v2,{-V2+U2V2+aU2)/{u2vj)) 

This maps the exceptional curve at (x, y) = (oo, 0) , i.e.ui = and V2 = 0, almost to 
{x,y) = (oo,0) but has an indeterminate point on the exceptional curve: {u2,V2) = (0,0). 
Hence we have to blow-up again at this point. In general it is known that, if there is a 
rational mapping X ^ X' where X and X' are smooth projective algebraic varieties, the 
procedure of blowing up can be completed in a finite number of steps, after which one 
obtains a smooth projective algebraic variety Y such that the rational mapping is lifted 
to a regular mapping from Y to X' (theorem of the elimination of indeterminacy ) . 

Here we obtain the surface Yi defined by the following sequence of blow-ups. (For 
simplicity we take only one coordinate of (^).) 

{(^,0) / 1 \ (0,0) / 1 2 

(x,y) < — ,y]< — ,xy 

Ml \xy J \xy 

(0,a) f I ,2 ^^ (O'O) f ^ 2 2/2 

< — ,xy{xy - a) < — ,x y [xy 

f^3 \xy J M4 \xy 

fj-9 \x y J Mio \x y 

where //j denotes the ith blow-up. Of course the above sequence is not unique since there 
is freedom in choosing the coordinates. 

2.2 Automorphism of X 

We have obtained a mapping from Yi to x P^ which is lifted from Lp. But our aim is to 
construct a rational surface X such that ip is lifted to an automorphism of X. 

First we construct the rational surface Y2 such that 99 is lifted to a regular mapping 
from Y2 to Yi . For this purpose it is sufficient to eliminate the indeterminacy of mapping 
from Yi to Yi. Consequently we obtain Y2 defined by the following sequence of blow-ups. 

^ x{--i)] ^ ( - ,x{--r 

X y J iJ-u \x'^{x/y — 1)^ y 

,xH^--if 

,xH--l){x'{--lf-a) 

y y 
y y 

Next eliminating the indeterminacy of mapping from 12 to 12, we obtain I3 defined 
by the following sequence of blow-ups. 

at {0,00) ( 1 \ (0,0) / 2 1 

(x,y) < x, — < X y, — 

M5 \ xy J fj-a \ xy 

M) f ^.J 2 A 1 A (0.0) f 2 2/^2,. „N 1 



(0,0) 
i 


( 1 




fj.ll 


\x'^{x/y — 


1) 


(0,0) 


( 1 




i 

fJ.12 


\x'^{x/y — 


1) 


(0,a) 


( 1 




< 


\x'^{x/y — 


1) 


(0,0) 


( 1 




i 

/il4 


\x'^{x/y — 


1) 



xy{x y -a), — ^ — [x y {x y - a) 
1^7 \ xy J f^a \ xy 
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It can be shown that the mapping from Y3 to Is which is hfted from ip does not have 
any indeterminate points. 

To show this, let us define the total and proper transforms. 

Definition. Let S be the set of zero points of f\i^i fi{u,v) = 0, where {u,v) G and 
the {/i}iG/ is a finite set of polynomials, and let Ui : {ui,vi) and U2 ■ {u2,V2) the new 
coordinates of blow-up at the point {u, v) = (a, 6), i.e. (ui, fi) = {u — a, {v — b)/{u — a)), 
{u2,V2) = {{u — a)/{v — b),v — b). The total transform of S is 

{{ui,vi) £ Ui; fi{ui + a, lilt;! + 6) = 0} U {{u2,V2) £ U2; fiiu2V2 + a,V2 + b) = 0} 
and the proper transform of S is 

{{ui,vi) e Ui; = 0} U {{u2,V2) e U2; = 0} 

where m or n is the maximum integer simplifying the respective equations for ui or V2 
respectively. 

For example, by blowing up at {u,v) = (0,0), the total transform of u = is {{ui,vi) G 
Ui;ui = 0} U {{u2,V2) S U2]U2V2 = 0} and its proper transform is {{ui^vi) G C/i; 1 = 
0}(= 0)U{(u2,t;2) G ?72;n2 = 0}. 

We denote the total transform of the point of the ith blow-up by Ei and denote the 
proper transform of the exceptional curves of the iih. blow-up by 

Do,Di,D2,Co = E4,D3,Di,D5,Ci = Es,DQ,Di2,Dr,Ds,D9,C2 = Eu. (4) 

Moreover we denote the proper transforms of x = 0, x = 00, y = 0, ?/ = 00 as 

C3,Dio,C^,Du (5) 

(See Fig 1) 

The proper transforms of C4, Dq, Di,D2 and Cq are written as 





{x 


,y) = {x,o) 


Do 


{ui, 


vi) = (ni,0) 


Di 


{U2, 


V2) = (0,^2) 


D2 




^^3) = (0,^3) 


Co 


(U4, 


Vi) = (0,^4) 



where Ui and Vi are the new coordinate of the ith blow-up (more precisely, these express 
the total transforms of curves and we have to write each curve by using the coordinates 
of the last blow-up but this makes the notation rather complicated) and therefore the 
relations 



x = l/{uivi), y = vi, 

Ul = U2, Vl = U2V2, 

U2=U3, V2=U3V3 + a, 

U3 = U4, V3 = UiVi 
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Figure 1: 



hold. The proper transforms of Ci, D^, D4, D3 and C3 are written as 



Ci 


{US,V8) 


= (^8,0) 


D5 




= (^7,0) 


D4 




= (^6,0) 


D3 




= (0,1^5) 


C3 


{x, l/y) 


= (0,l/y) 



and the relations 



Us = Ut/vt, Vs = V7, 

UT = {uq - a)/vQ, V7=V6, 

U5 = x, V5 = l/{xy) 

hold. 

Using these relations one can calculate the images of the curves. For example, in the 
case of C4: From the above relations and @ we can calculate (ttSjW) using initial values 
corresponding to Ci as 



(^^8,i'8)|(x,j/)={x,o) = y{-x + y){a + y {-x + y)) , 



y 



a — xy^ + 



This then implies that the image of C4 (= C4) is Ci. 
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Analogously, from the equation 



('"'7,'^7)|(ni,-ui)=(«i,0) 
(-1 + uivl){aui -vi+ uivf) 



UlVl 



aui — vi+ uiv'l 



(ui,i)i)=(«i,0) 



Ul 



-,o 



which implies Dq = D^. In this way we can show that 

{Do, Di, D2, D3, Di, D5, De, D7, Ds, D9, Dw, Dn, £'12, Co, Ci, C2, d) 
-> Di, D3, Dj, Da, Dq, De, Do, Di, D2, Dn, Du, Dw. C3, C2, Co, Ci). 



(6) 



It is obvious that this mapping has an inverse (the mapping lifted from if ^). Hence 
we obtain the following theorem. 



THEOREM 1 The HV eq. B) can be lifted to an automorphism of X{= Y3 



3 The Picard group and symmetry 
3.1 Action on the Picard group 

We denote the (linear equivalent classes of) total transform of x = constant, (or y = 
constant) on X by Hq (or Hi respectively) and the (linear equivalent classes of) total 
transform of the point of the ith blow-up by Ei. From ^ we know that the Picard group 
of X, Pic(X), is 

Pic(X) = ZHo + ZHi + ZEi + ■■■ + ZEu 
and that the canonical divisor of X, Kx, is 

Kx = -2Ho -2Hi+Ei + --- + Eu 

It is also known that the intersection form, i.e. the intersection numbers of pairs of base 
elements, is 

Hi ■ Hj = I — 5ij, Ek ■ El = —Sk,i, Hi ■ Ek = (7) 

where 6ij is 1 if i = j and if i 7^ j, and the intersection numbers of any pairs of divisors 
are given by their linear combinations. 

Remark. Let X be a rational surface. It is known that Pic(X), the group of isomorphism 
classes of invertible sheaves of X, is isomorphic to the following groups. 

i) The group of linear equivalent classes of divisors on X. 

ii) The group of numerically equivalent classes of divisors on X, where divisors D and D' 
on X are numerically equivalent if and only if for any divisors D" on X, D ■ D" = D' ■ D" 
holds. 

Hence we identify them in this paper. 

The (linear equivalent classes of) prime divisors in (|^, (|5|) as elements of Pic(X) are 
described as 

Co = ^4, Ci = Es, C2 = Eu, C3 = Ho- ^5, C4 = Hi- Ei (-1 curve) 
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Do — El — E2, Di — E2 — E^, D2 — E^ — E4, 
D3 = E5 — Eq, D4 = Eq — Ef, D5 = Ef — Es, 

Dq = Eq- Ew, Dr = Eu - E12, A = ^12 - ^13, Dg = Eis - Eu (-2 curve) 

Dio = Hq — El — E2 — Eg, Dii = Hi — E^ — Eq — Eg, 

D12 = Elo - Ell - E12 (-3 curve) 

where by n curve we mean a curve whose self-intersection number is n. See Fig.|2|. 



0-12 




(t13 



Figure 2: 



The anti-canonical divisor —Kx can be reduced uniquely (see appendix A) to prime 
divisors as 



Do + 2Di + D2 + D3 + 2D4 + D5 

+3L>6 + Dr + 2D8 + Dg + 2Dio + 2Dii + 2Di2 



(8) 



and the connection of Di are expressed by the following diagram. 



^9 ^8 

o 



9 Dr, 



— o 



D 



12 



D3 D4 Dii De D 



10 



9 Do 



D, 



— o 
^0 



o — 2 curve 
• —3 curve 
— intersection 



(9) 
(10) 
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The HV eq.(|T]) acts on curves as (|6|). Hence the HV eq. acts on Pic{X) as 
/ Hq \ / 5Hq + Hi — — Eq — Et — Eg — Eg — EiQ \ 



Hq 

Hi, El, E2 

E3, E4, E^, Eq 

Ej, Es, Eg, EiQ 
\ Ell, E12, Eis, Eli J 



( "^Hq + Hi — E^ — Eq — Et — Eg — Eg - 
Hq, Hq — Eg, Hq — E-j 
Hq — Eq, Hq — E^, Ell, E12 
El3, Ei4, Hq — Eiq, Hq — Eg 

\ El, E2, E3, E4 



(this table means Hq = 3Hq + Hi- E^- Eq- Ej - Eg- Eg- Eiq, Hi = Hq, Ei = Hq- Es 
and so on) and their hnear combinations. 

Remark. Let be an isomorphism from the rational surface X to the rational surface 
X' . Let D be a divisor and [D] its class. The class of 9{D) coincides with the class 
0{[D]) G Pic(X') and the action of 9 on Pic(X) Pic(X')) is linear. 



3.2 Cremona isometries and the root system 



Defnition. An automorphism s of Pic(X) is called a Cremona isometry if the following 

three properties are satisfied: 

a) s preserves the intersection form in Pic(X); 

h) s leaves Kx fixed; 

c) s leaves the semigroup of effective classes of divisors invariant. 

In general, if a birational mapping can be lifted to an isomorphism from X to X' by 
blow-ups, its action on the resulting Picard group is always a Cremona isometry. We will 
show that the group of Cremona isometries is an extended Weyl group of hyperbolic type. 
In the next section we will show these Cremona isometries can be realized as Cremona 
transformations, i.e. birational mappings, on x P^. 

LEMMA 1 Let s be a Cremona isometry, then 
c') s is an automorphism of the diagram^. 

Proof. First we show that for any i £ {0, 1, • • • , 12} there exists j G {0, • ■ ■ , 12} such 
that Di = s{Dj). Notice that —Kx can be uniquely reduced to prime divisors in the 
form —Kx = "^^niiDi (see (^)) and the condition b). We have s{—Kx) = —Kx = 
'^^mis{Di), where all s{Di) are effective divisors due to the condition c) (and moreover 
Di • Di = s{Di) ■ s{Di)). By the uniqueness of decomposition of —Kx, we have that for 
any i there exists j such that Di = s{Dj) and rn-j = mj. According to this fact and the 
condition a) we have the lemma. (Another proof is shown in |11, ^]) q 



Let us define < Di > and < > as 

12 

< A >= X] 

1=0 

and 

< A >^= {a G Pic(X); a • A = for i = 0, 1, • • • , 12}. 
LEMMA 2 The Cremona isometry s leaves < Di >^ invariant. 
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Proof. Let a G< Di >-*-. By the condition c') we have that for any i G {0, • • • , 12} 



there exists j G {0, 
s{a) £< Di >-L. 



12} such that s{a) ■ Di = s{a) ■ s{Dj) = a ■ Dj 



0. It imphes 
□ 



In this case < Di > can be written as 



where 



ai 

"3 



< A > =< ai >:= Zai + Za2 + Zas 



2Hi — El — E2 — — E4, 
2Hq — E^ — Eq — E-j — Es, 
2Hq + 2Hi — 2Eg — 2EiQ — En — E12 — E13 



E 



14- 



We consider < > with the intersection form to be a root lattice with a symmetric 
bilinear form. Let us define the transformation 'Wi{i = 1, 2, 3) on < > as 



Wi{a) 



a 



ai - a 

2 ai 

ai ■ ai 



(11) 



for a S< ai >. The transformation Wi{aj) has the form Wi{aj) where 
Cij = 2{ai ■ aj)/{ai ■ ai), and the matrix aj becomes a generalized Cartan matrix. Here, 

(3) 

the generalized Cartan matrix and its Dynkin diagram are of the hyperbolic type H. 
1 18 1 as follows: 



71 



and 



ai 



as 

A 



02 



(12) 
(13) 



Hence the group W generated by the actions wi,W2,W3, is a Weyl group of hyperbolic 
type. The extended (including the full automorphism group of the Dynkin diagram) Weyl 
group, W, is generated by 

{wi,W2,W3,ai2,cri3} (14) 

and the fundamental relations: 

^^i = ^Ij = 1' (0"12'713)^ = 1, 
(T^Wi = tL'2'712, 0-12^2 = '«^lO"l2, Cri2W3 = W3ai2 (15) 

aiswi = W3ai3, ai3W2 = W2(Ti3, ai3W3 = wiai3 

where the action of ai2 or 0-13 on < > is defined by the exchange of indices of q^; the 
action of aij and Wk on can be summarized as follows: 



(7j{ai) and Wk{ai) 





0"12 


0"13 


Wl 


W2 


Ws 


ai 


02 


as 


— Ql 


ai + 2a2 


a\ + 2as 


a2 ^ 


ai 


a2 


02 + 2ai 


—a2 


02 + 203 


as ^ 


as 


ai 


as + 2ai 


as + 2a2 


-03 



Moreover, by the following property we have the fact that the group of Cremona 
isometrics is included in ±1^. 
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PROPOSITION 1 ( [|10[ §5.10) // the generalized Cartan Matrix Cij is a symmetric 
matrix of finite, affine, or hyperbolic type, then the group of all automorphisms of < ai > 
preserving the bilinear form is zizW . 

Remark. If s is a Cremona isometry, then —s can not satisfy the condition c). 

Next we consider uniqueness for the extension of action of W to the action on Pic(X). 

LEMMA 3 Let s and s' be Cremona isometrics such that the action of s is identical to 
the action of s' on < Oi >, then s = s' as Cremona isometrics, i.e. s is identical to s' as 
an automorphism o/Pic(X). 

Proof. Let s and s' be Cremona isometries such that the actions of s is identical to the 
action of s' on < >. The actions of s' o on < > is the identity. 

We investigate where the exceptional divisor E4 is moved by the action of s' o s~^. In 
{Di ; i = 0, • • • , 12}, only D2 has an intersection with E4. By the condition c'), s' o s^^ {D2) 
is Dq, D2, -D3, D^,Dj or Dg and only s' o s~^{D2) has an intersection with s' o s'^i^E^) in 
{s'os-i(A); i = 0,---,12}. 

i) Assume s' os'^{D2) = D2. s' os^^{E4) has an intersection only with D2 in {Di ;i = 
0, • • • , 12} (this condition on the coefficients of basis of Pic(X) can be considered to be 
a system of linear equations of order 13). Then we have the general solution with three 
integers zi, ^2, Z3: 

s' o s~^{E4) = E4 + ziai + ^2^2 + zsa^. 
Multiplying this equation by s' o s^^(aj) = ai, we have the system of linear equations: 

( 1 - 4zi + 4z2 + 4^3 = 1 
< + Azi- Az2 + 4z3 = . 
[ + 4zi + 4^2 - 4^3 = 

It implies s' o s~^(£'4) = E4. 

ii) Assume s' o s^^{D2) = Dq. We have s' o s~^(£'4) = {Hi — Ei) + ziai + ^2^2 + z^as. 
Multiplying this equation by s' o s~^(aj) = Oj, one has that this equation does not have 
integer solutions. 

iii) The other cases, s' 05^^(1)2) = 0^,0^, D-j or Dg implies s' o s^^{Ei) = L + ziai + 
Z20L2 + Z3a3, where L = Hq — E^, Eg, Hq + Hi — Eg — Eiq — En or £^14 respectively. This 
implies that this equation does not have integer solutions. 

According to i),ii) and iii) s' o s~^{E4) = E4 and s' o 5^^(1)2) = ^2- 

Analogously we have s' o s^^ {Hi — Ei) = Hi — Ei and s'os~^{Dq) = Dq and so on. Due 

to this fact and the condition c'), s' o s^^ must be the identity as an Cremona isometry. 

This implies the lemma. □ 

Next we consider the extension of actions of elements of on < > to the actions 
on Pic(X). Let us define aij {i = 1,2,3 j = 1, 2) as 

= Hi — El — E4, ai^2 = Hi — E2 — E^, 

02.1 = Hq — E^ — E-j, 02,2 = Hq — Eq — El, 
a3,i = Hq + Hi — Eg — Eio — Ell — En, 

03.2 = Hq + Hi — Eg — Eio — E12 — Ei3 

and define the action of Oij {i = 1,2,3 j = 1, 2) on a £< ai > as 

Wij[aj := a — 2 Oij 



11 



It is easy to see that Wi{a) = Wi^i o ^4^2(0) = ^^1,2 ° Wi^i{a). We define the action of 
Wi on D GPic(X) as Wi{D) := WiA o Wi^2{D) = Wi^2 ° Wi,i[D). These actions are exphcitly 
written as follows (See Fig.^). (For brevity we did not write the invariant elements under 
each action.) 



Wi 



Ho, 1-^1 ^ — El — E2 — — E4 

El, E2, E3, E4 J \ Hi — E4, Hi — E^ , Hi — E2, Hi — El 



I Hi, I ^ ( ^^'^ + Hi — E5 — Eq — Ej — Es 1 „>. 

E5, Eq, E7, Es I \ Ho — Es, Ho — E7, Ho — Eq , Ho — E^ ' 



W3 



Ho, Hi, E<), Eio \ ^ f Ho + a-i, Hi + a^. Eg + as, Eio + as 
Ell, E12, Ei3, Ei4 I \ _Eii+a3^i, E12 + a3^2, -B13 + 03,2, £^14 + 013,1 



We define the action of ai2 and (T13 on Pic(X) as follows. 



0'12 



Ho, Hi, El, E2, E3 \ ^ I Hi, Ho, E^, Eq, 
E4, E5, Eo, Et, Es J \ Es, El, E2, E3, 



Hi, El, E2 \ I Ho + Hi — Eg — Eio, En, E12 \ (17) 
0'13 : I E3, E4, Eg, Eio I I £-13, £-14, Ho — Eio, 
Ell, E12 Ei3, Ei4 J \ El, E2, E3, 




By direct calculation, it is easy to check that each Wi (or an) expressed by (16) (or 
( [ITD resp.) acts on < Oj > as ( pi] ) (or as the exchanges of indices of Oi resp.) and that 
they satisfy the fundamental relations ( |T5|) (the later property is of course guaranteed by 
the uniqueness of extension of W). Moreover it is also easy to check that the actions of 
all elements of W on Pic(X) satisfy the conditions a),b) and c'). 

THEOREM 2 The group of Cremona isometries of X is isomorphic to W , where W 
is generated by {wi,W2,W3,ai2,ai3} and the fundamental relations (fJ^j. The actions of 



elements ofW on Pic(X) are given by and (12) and their composition. 



To show this theorem, it is enough to show that ( p!6| ) and (|T^ satisfy the condition c). 
For this purpose, it is enough to realize them as isomorphisms from X to X' , where X 
and X' have the same semigroup of classes of effective divisors. We show this fact in the 
next subsection. 



From (16) and ( ITTD it is straightforward to show that the action of the HV eq. on 



Pic(X) is identical to the action of W2 o cris o ai2- 

COROLLARY 1 There does not exist any Cremona isometry of X whose action on 
Pic(X) commutes with the action of the HV eq. except {w2 o CJ13 o CJ12)™, where m G Z. 

Proof. In this proof we denote ai2 or cxis by (J2 or (T3 respectively and omit the symbol of 
composition o. Each element of W can be uniquely written in the form 

Wi^Wi2 ■■■Wi^s 

where all indices of w (or a) are considered in Mod 3 (or 2 resp.) and ii 7^ zj+i and 
s G {1, CTj, ajajj^i,ajajj^iaj}. Assume g = Wi^Wi^ ■ ■ ■ Wi^s commutes with W2a-ia2- 
i) The case of s = 1. According to the relation 

W2aza2WhWi.^ ■■■Wi„= Wi^Wi^ ■ ■ ■ Wi„W2Crz(T2, 

we have the relation 

W2Wi^+iWi2+i ■ ■ ■ Wi„+ia^a2 = Wi^Wi^ ■ ■ ■ Wi^W2(T^a2. 



12 



It implies ii = 2,i2 = 3, ■■■ ,in = n + 1,2 = n -\- 2 and therefore there exists the integer 
m such that n = 3m. On the other hand (w20"3(T2)^'" = W2W3 ■ ■ -Wn+i- It imphes g = 

ii) The case of s = 0"3cr2 or a"2a"3. Similar to the case i), n must be n = 3m + 1 or 
n = 3m + 2 respectively and g' becomes {^02(7^02)^ ■ 

iii) The case of s = (jj. Suppose j = 2. According to the relation 

W2(J3(J2Wi^Wi^ ■ ■ ■ Wi„a2 = Wi^Wi^ ■ ■ ■ Wi„a2W2(T3a2, 

we have the relation 

W2Wi^+iWi2+i ■ ■ ■ Wi„+ia3 = Wi^Wi^ ■ ■ ■ ■Wi^wi 0-20-3 0-2. 

It implies 0-3 = 0-20-30-2 but this is a contradiction. Similarly s = 0-3 is impossible. 

v) The case s = ajaj-^-iaj. Suppose j = 2. Similar to the case iii), we have the relation 

W2Wij^+lWi2+l ■ ■ ■ Wi„+ia2 = Wi^Wi^ ■ ■ ■ ■Wi„'W30-20-30-20-30-2. 

It implies 0-2 = 0-2 0-3 0-2 0-3 0-2 and hence 1 = 0-30-20-30-2 which leads to a contradiction. Sim- 
ilarly it can be shown that s = 0-30-20-3 is impossible. q 

Conclusion of the section. 

We have shown in this section that a) the "Dynkin diagram" (|9|) of the irreducible com- 
ponents of the anti-canonical divisor —Kx does not correspond to a generalized Cartan 
matrix, b) the group of Cremona isometrics is isomorphic to an extended Weyl group of 
hyperbolic type and c) there does not exist a Cremona isometry which is commutative 
with the action of the HV eq. except itself, while for the discrete Paileve equations a) 
affine type, b) affine type and c) there does exist such a Cremona isometries except for 
the trivial exceptions (the type of root system is A^^^ etc.). 

4 The inverse problem 

A birational mapping is called a Cremona transformation. One method for obtaining 
a Cremona transformation such that its action on Pic(X) is a Cremona isometry is to 
interchange the blow down structures, i.e. to interchange the procedure of blow downs. 
Following this method, we construct the Cremona transformations on X which yield 
the extended Weyl group (0), (^) and thereby recover the HV eq. from its action on 
Pic(X). ^ 

An element of W is an automorphism of Pic(X) but does not have to be an automor- 
phism of X itself, i.e. the blow-up points can be changed with a transformation satisfying 
the condition a),b) and c) in Section 3.2. In order to do this, one has to consider not only 
autonomous but also non- autonomous mappings. 

By 00,01,02,03,04,05,06 or 07 we denote the point of the 10,3,4,7,8,11,13,14-th 
blow-up or the corresponding coordinates and we call them "the parameters". In short 
these points can be expressed as follows: 

— .xy^] = (0,ai), [—,xy{xy'^ - oi) ) = (0,02), 
xy J \xy J 

x^y,— ] =(03,0)), [xy{x^y - a^),— ] =(04,0), 
V xyj \ xy) 
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— , — I = (0, oo)), where we normalize qq to be oq = 1, 
X yj 

( .(x(g-l)-a5) '^K " " '^'^ {^^"^^^ " " " ^ 

where G C and ai, 03, ae are nonzero. 

The point of the 2,6, 12-th blow-up is determined by intersection numbers. Moreover 
the point of the 1, 5, 9, 10, 11-th blow-up can be fixed by acting with a suitable automor- 
phism of X pi, i.e. a Mobius transformation of each coordinate combination with an 
exchange of the coordinates. We call this operation "normahzation" . It can also be seen 
that we can normalize 05 = 1 except the case = 0. ^ 

In this section we consider a realization of the generating elements of W as Cremona 
transformations which can be lifted to isomorphisms from X to X, where X is the same 
rational surface as X except for a difference in parameters. 

First we realize the action of 'W2 as a Cremona transformation on P^ x P^ 



4.1 The calculation of interchanging the blow down structure 

In the following we shall present a scheme in which the blow down structure is changed. 
This method is based on the following fact: 

By Fn we denote the nth Hirzebruch surface with the coordinate system 

(O, A) U (O, ^) U (^, O'^A) U ^). (18) 

Blowing up the nth Hirzebruch surface at the point (1/0)0"A) = (0,0) and blowing 
down along the line I/O = 1/(0""^^ A) = 0, we obtain the n -|- 1-th Hirzebruch surface 
as follows: 



(o,A) u(o,i) u(i.,o"A) ua 



1 1 



^ (0,A) U(0,i) U(i,0"+^A)U(Q^,0"A) 



down 



(0,A) u(0,i) U(^,0"+'A) u(^,Q^). 



On the other hand, blowing up the nth Hirzebruch surface at the point 

(1/0, 1/(0" A)) = (0,0) and blowing down along the line I/O = O'^'^A = 0, we obtain 

the n — 1-th Hirzebruch surface as follows: 

(0,A) u(0,i) u(^,0"A) u(^,Qis) 

(0,A) U(0,i) U(^,0"A) u(^,Q^)U(0"-^A,Qis) 

^ (0,A) u(0,i) u(^,0"-^A) u(^,^^). 



The Next figure shows the order of the blow-ups and the blow downs to obtain the 
Cremona transformation corresponding to W2- (This table has to be read from the left to 
the right.) 
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Hi 
= oo 



x = x = oo 



Hi — 



■Hi — — Eq 



Hn Hn 



Ho Ho 



E5 



/ 



Hi — E5 



Hq — E^ Hq 



Eq 



■Hi — E5 — Eq 



Hq — Eq Hq 



Ej 



■Hi — Er, — Eq 



Hq — E^ Hq 



Ho + -ff 1 — E^, 

— Eq — E7 





2Ho + Hi — E5 

— Eq — Ey — Es 



Hq + Hi — Eq 

—Eq — Ey 



where double lines mean the lines which arc blown down in the next steps. 
The calculation of changing the blow down structure is as follows. 

{x,y)Uix,-)Ui-,y)U{-,-) = x 
y X X y 

^ {x, y) U {x, —) U (,r?y, -) U {-,y) U -) 
xy y X X y 



{x,xy)U{x,—)U{-,y)U{-,-) 
xy X X y 



Fi 



{x, xy) U {x, 4-) U {x^y, —)U{-,y)U{-, -) 
x-'y xy X X y 

{x,x''y)U{x,^)U{-,y)U{-,-) = 
x-'y X X y 



{x,x^y - as) U {x. 

, x^y — 03 , 
(a;, „ ' )U(- 



1 , ,\ x^v — , ,\ x^ 

U -, \ U -, 

X y — as X X'' X x'^y — as 



X 



x^y - as 

X 



,x^y - as) U Or, ) U (-, % ' ) U (-, ) 

x^'y — as X x^ x x'^y — as 



x'y-as 
{x, )U(x, 2 



, 1 x'^y —as. A x^ , „ 

U -, % U =Fi 

X y — as X x'^ X x-'y — 03 



{X, ^3(^^^-«3)-a4a^ ^ ^ 



asx 



asx 



asix'^y - as) - CLiX 



U • • 



= F. 
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a^ix'^y - 03) - 043; , , asx'^ aajx'^y - 0-3) - a4X 

030;^ (a3(x^2/ — 03) — a^x 



, asx 

a3(x^y -0,3)- a^x 

asix'^y ~ a3)^a4X 03^^ 
[x, )U{x,—-^ ^ )U-' 

where • • • is 

V) 9 ) ^ \ 1 r o \ ) 

X as^; X asix'^y — as) — tt/j^x 

and ~ means an automorphism of the Hirzebruch surface and is determined as the point 
of blow-up in (|18|) is moved to the origin. 
Writing 

W2 ■■ {x,y) ^ {x,y 2 ) 

a^x 

we obtain W2 = to w'2 where t is an automorphism of x P^. By taking a suitable i, we 
can normalize W2 to get the required result. 

4.2 Normalization and the action on the space of parameters 



First we determine the automorphism for normalization t. By (|lq), W2 does not move the 
points = (00, 0), (00, 00). According to the fact: w'2 : (00, 0) 1— > (cxd, 0), (00, 00) 1— > 

(00,00), t is reduced to the mapping t : {x,y) (cix + C2,C3y), where 01,02,03 E C are 
nonzero constants. 

Similarly, W2 moves the point 03 to the proper transform of the point of the 6-th 
blow-up. We denote this fact as 

(^,^^)l(n6,^;6)={a3,0) = (O'O)' 

where {un,Vn) is the coordinate of the nth blow-up. On the other hand, 

(^>^^)l(«6,t^6)={a3,0) 

xp'y. 



-2- 1 

" 7, 

xy 

2, _ ^ _ 

X \y o /' / 9 \ 

a^x a^yx'^y — a^j — a^x 



(U6,l'6) = (a3,0) 

(u(,,v^)={a3,0) 



-«3 + «6 , — 2 ; 

as 03 - a^UQ + a^UQVQ 

(0,0) 



{u6,V6)=ia3,0) 



holds. Hence t does not move the point (x, y) = (0, 00) and therefore 02 = 0. 

Similarly, since W2 does not move the points of the 10-th and the 11-th blow-ups, we 
have ci = C3 = 1 (moreover we can normalize 05 to be 05 = 1 or 05 = by taking a 
suitable value of ci = 03). Hence t has to be the identity. 

Next we calculate how the parameters 01,02,03,04,06,07 are changed by the action 
of ■W2- Notice that W2 is an isomorphism from X to X', where W2 satisfy the conditions 
a),b) and c) in Section 3.2. and therefore X and X' have the same sequence of blow-ups 
except their parameters. By 07 we denote the parameter of the ith blow-up of X' . 
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Since the action of W2 moves the points of blow-ups as follows 

{u2,V2) = (0,ai) I- 

(^^3,1^3) = (0,02) ^ 

(u6,W6) = (0,0) y- 

= (0,0) H 

(ltl2,t'l2) = (0,06) ^ 

(^^13,^^13) = (0,07) y- 



{U2,V2) = (0,01) 

(^^3,^¥) = (0,0^) 
(n^, IJ^) = (o^, 0) 
(W, W) = (04, 0) 

{W2,V12) = (0,0^) 

(^3,^3) = (0,07), 



Oj can be calculated. For example ai is calculated as follows 



(0,ar) 



(W2,?^2)|(„2,^,2)=(0,ai) 



xy 



,xy 



{u2,V2)={0,ai) 
a3U2 



V2{—a3 + a^U2 + a2,u'^V2) 



03 — 04^2 — a|'U2^2 



= (0,ai), 

and therefore oT = oi . 

Similarly we can calculate 02, 03, 04 as follows: 



(0,02) = {—,xy{xy'^ - ai) 
xy 



{u3,V3)={0,a2) 



(0,02 



0104 
03 



{u2,V2)={0,ai_) 



(03,0) = (x^y, ^ 

xy 

= (-^3,0), 



(w6,-y6)=(o,o) 



(al,0) 



{xy{x^y - 03), 



(x2/,l/j/)=(0,0) 



= (04,0). 

Consequently W2 changes the parameters Oj as 

01 = 01, 0^ = 02 — 20104/03, a^ = — 03, 04 = 04, 

0^ = 05, o^ = 06, 07 = 07 + 20405/03 . 

We write the action of W2 on x and the space of parameters together as 

W2 ■ 



(x, y; oi, 02, 03, 04, 05, 06, 07) 
(x, y ; W,a2, o^, oj, oE, o^, of) 



03 04 2ai04 

x,y ^ ; 01,02 ,-03,04,05,06,07 + 

x^ O3X 03 



204O6 \ 



03 / 

Here, in the calculation of the next iteration step we have to use 03 = — 03 instead of 03 
and so on. 

As was remarked before the mapping W2 is of order 2 as an element of an extended 
Weyl group and can be lifted to an isomorphism from X to X. 
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4.3 The actions of other elements 



Next we calculate the action of CJ13 from X to X. 

The following figure shows the order of the blow-ups and the blow downs. 




Ho Hq — Eq Hq Hq — EiQ 



Its calculation is as follows. 



y X X y 

X, y) U (x, -) U {-,y) U (i, -) U -) 
y X X y X y 

x,y)U{x,-)U{-,^)U{-,-) = Fi 
y XX X y 

, , 1, ,1 y — X. ,1 X 

x,y-x)U (x, ) U (-, ^ ) U (-, 

y — X X X X y — x 



1 y- X 



,1 



x,y-x)U{x,^—)U{-,y-x)U{^—,^ — ^)U(-,— ^) 
y—x x y—x x x y—x 

x, y-x)U {x, ^— ) U{-,y-x)U{-, ^— ) = x 



y- X 



X y — x 



Similar to the case of W2, we have the action of ais on X and the space of parameters 
as follows 



0-13: 01,02,03, 04, as, 06,07) 

i-> (x, X - y - 05 ; 06,07 - 2a|a6, -03,04,05,01,02 + 2010!). 

Similarly the action of cri2 on X and the space of parameters is 

0"i2 : (a:, y; 01,02, 03, 04, 05, 06,07) 

{-y, - X ; -03,-04, - 01,-02,05,-05,07 - 4a|o6) . 

The action of wi or ws is determined by the relation wi = au o W2 o cru or W3 
(T13 o wio (713 respectively as follows 



wi : (x,y; 01,02, 03, 04, 05, 06,07) 



oi 02 20203 

X ^ ,y; -01,02,03,04 ,05,05,07 + 

y aiy 01 oi J 



20206 \ 
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W3 ■■ {x,y;ai,a2,a3,a4,a5,ae,a7) 

Og ay — 2a^aQ 



[x-y-a^Y aQ{x-y-az) 



, y 



aj — 2a\aQ 



201(07 — 20506) 203(07 — 20506) 2 \ 

ai,02H ,a3,04H ,05,-06,07-40506 



06 



06 



4.4 The non-autonomous HV equation 

The composition W2 o 0"i3 o ai2 is reduced to 

W2 o £713 o £712 : {x, y; ai, 02, as, 04, 05, ae, 07) 

/ ai 02 2 20206 , . 

^ {-y,x -y -a^ 2 ; -06,07-20505 , (19) 

aiy oi 

2 , 20203 

-oi, -02, 05, -03, -04 - 203O5 H ) 

01 

where 05 can be normahzed to be 05 = or 1. 

Of course this mapping satisfies the singularity confinement criterion by construction 
and in the case of 02 = 04 = 05 = 07 = and oi = 03 = 06 = o it coincides with the 
HV eq.(0) except their signs. The difference between them comes from the assumption 
05 = 05. Assuming 05 = — 05 under the actions of ^2, (T13 and ai2, we have —W2, — 0"i3 
and — 0"i2 as new W2, o"i3 and ai2 and therefore (|l^) becomes as follows 

W2 o cri3 o 0-12 : (2;,y; 01,02, 03, 04, 05, 05,07) 

^ ,1 oi 02 

1-^ (y, -X + y + 05 + ^ H ; 

r aiy 

2 , 202O6 2 20203 
0-6, -«7 + 205O6 H , ai, 02, -05, 03, 04 + 203O5 ). 

Ol Ol 

Actually in the case of 02 = 04 = 05 = 07 = and oi = 03 = oe = o it coincides with the 
HV eq.(l). 



5 Some other examples 

We present some examples of rational mappings which satisfy the singularity confinement 
criterion and some of which have positive algebraic entropy. 

5.1 Example 1 

Let 'Wi,'W2,W3 and Oj be as in § 4. First we consider the mapping wi o 102 

W1OW2 ■■ (x,?;; 01,02, 03, 04, 05, 06,07) 

Ol 02 03 04 — 20203/01 

y2 oiy' (a; - ai/y2 - a2/(aij/))2 03(0: - oi/y^ - 02/(011/)) ' 

2(0104-20203) 20203 20206 , ^a2a3 ae\ 
-01,02 H , -03,04 ,05,06,07 H h 2(04 - 2 ) — 

O3 Ol Ol Ol 03/ 

This mapping has the following properties. 

1) This mapping satisfies the singularity confinement criterion. 

2) The order of the nth iterate of mapping is O(n^) (easily seen from the action on the 
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root lattice < Oi > [|T7|). 

3)The actions on the parameters 05,05,07 can be ignored. 



This mapping is nothing but one of the discrete Painleve equations, since the surface 
obtained by blowing down the curves Eg, Eiq, ■ ■ ■ , E14 in X is also the space of initial 
values and the type of Dynkin diagram corresponding to the irreducible components of 
anti-canonical divisor is D^^ with the symmetry A^^ . Actually the irreducible components 
of anti-canonical divisor are 

El — E2, E2 — -E3, E3 — E4, E5 — Eq, Eq — Et, E-j — Es, 
Hq — El — E2, Hi — E^ — Eq 

and the root basis of orthogonal lattice is 

cxi = 2Hi — El — E2 — E^ — E4., 
a.2 = 2i^o ~ ^5 ~ — E-j — Eg. 

Next we consider the mapping W3 o W2 o wi. This mapping is almost identical to the 
nonautonomous HV eq. after 3 steps. Actually the latter becomes 1x12 o ws o wi. 

At last we consider the mapping W2OW3OW2OW1. This mapping satisfies the singularity 
confinement criterion and its algebraic entropy is 17 + 12\/2. 

5.2 Example 2 

We consider the following diagram as irreducible components of the anti-canonical divisor. 



o o 



o o o 



o 



o o o 



o — 2 curve 
• —4 curve 
— intersection 



This diagram is realized by the sequence of blow-ups from X pi as follows 



(00.0) 
< 

Ml 

(O.ai) 
< 

fJ-4, 

(0,Q3) 

< 

Me 



1 \ (0,0) 

xy 
1 



M2 



1 \ (0,0) 

—,y 



xy 



7,xy 



xy 



,xy {xy^ - ai) M 



xy^ 

-Xr,xy'^{xy'^{xy'^{xy^ - ai) - 02) - 03) 
xy^ 



xy^ 



^,xy^{xy^{xy^ - ai) - 02) 



and 



ix,y) 



(0,00) 
< 

M7 

(04,0) 

< 

Mio 

< 

M12 



ix,y) 



1 



(0,0) 



1 



X, ■ 



xy J Ms \ x^y 
x^y{x^y - a^), 



(0,0) I 3 1 

^ Vi — 
x'^y 



M9 



x^y J Mil 



X y{x y{x y-Qi)- 05), — 



X y{x y{x y{x y - a^) - as), — 

x'^y 



X y J tJ.14 \x y 



\ ^(0,07) 








/ M15 


\XZ J 
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where we denote z := x{x/y — 1) — 07, 



xz'^{xz'^{xz'^ — as) — ag) 



(0,09) / I 2/ 2/ 2 



(1*19 



(0,010) / I „ 2/ 2/ 2/ 3 



X2: (a;^; (2:2; {xz — as) — ag) — aw) 

H20 ' ^ 

Similar to the case of the HV eq.(§ 4 ), we obtain 

W2 : {x,y: ai,a2,- ■ ■ ,aio) 

{ 04 0,5 ae 05 1 
^ \x,y 3 2^ ~ 3 ~ • 

ai, 02, 03 H 3 2 — ' "^S) ~ci6) a?) c^S) CfQ) <Jio 3 1 § — 

a^ (X4 0^4 ^4 

CTia : (x,y;ai, a2, • • • , aio) 

(x,x - y - ar ; as, ag, aio - 'Sa^al, -04, as, -a^, a-j, ai,a2, as + Sa^ay) , 

0-12 : (a;,y;ai,a2,---,aio) 

1-^ (-y, -a; ; a4, -as, ae, ai, -a2, 03, 07, -as, ag, -aio + &a^a\) 

and finally 

W2 o (713 o (712 : (a;,y;ai, a2, • • • , aio) 1-^ 



ai a2 , —03 flo 1 
-y,-y + x-ar ^ 2 + + ' -«8,ag. 



y-^ aiy^ ■ aj af ' y 

,2„2 q„2. 



2 2 ^^2^8 3aga3 o 2 2 3a2a^ 3a3a^ 
"Olio + oaoay 5 1 ^5 — , ai, — a2, a3, a7, 04, —as, ag + oa^ay H 5 o — 



In the case Oj = for i = 2, 3, 5, 6, 9, 10, this mapping reduces to 
i(;2 o (713 o (712 : (a;,?/; 01,04,07,03) 

( 

"i3 



(-y, a; - y - 07 + ^; -03, oi, 07, 04). 



We present some basic properties of this mapping. 
The Picard group of the space of initial values is 

Pic(X) = Zifo + 'LHx + LEx + • • • + ZE^ao 

and the canonical divisor of X is 

Kx = -2Ho -2Hi + Ei + --- + E20. 

The irreducible components of the anti-canonical divisor are 

El — E2, E2 — Es, E3 — Ei, E4 — E5, E^ — Eq, 
Eq — E-j, E-j — E^, Es — Eg, Eg — Eio, Eu — E12, 
E12 — Ei3, Ei5 — EiQ, EiQ — En, • • • , £^19 — £^20, 

TT I,' [,' I' I' I I I' I' I' [' I' I, ' 771 771 

-no — — — ^3 — ^13, -Hi — -C/5 — -C/6 ~ -£^7 ~ ^13, ^14 — ^15 ~ ^16 ~ ^17 
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and the root basis is 



cti = 3Hi — El — E2 — -E3 — El — E-, — £'5, 
a2 = 3Ho — E7 — Es — Eg — Eio — En — E12, 

(X3 = 3i?o + 3i?i — 3£^i3 — 3£'i4 — £^15 — Eiq — E^ — E'lg — Eig — E20. 



The Cartan matrix 2{ai ■ aj)/{ai ■ ai) is 



2 -3 
-3 2 
-3 -3 



-3 
-3 
2 



(20) 



This Cartan matrix is not finite, afHne nor hyperbohc type. 
The algebraic entropy is 2 + \/3. 
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A Uniqueness of the decomposition of the anti-canonical 
divisor 

THEOREM 3 Let X he the space of initial values of the HV eq. obtained in Section 2. 
The anti- canonical class of divisors —Kx can he reduced uniquely to prime divisors as 

Do + 2Di +D2 + D3 + 2Di + D5 

+3£>6 + Dt + 2D8 + Dg + 2Dio + 2Dii + 2Di2 

Proof. Suppose that —Kx is reduced to prime divisors as —Kx = Yl^i fi^ii where Fi is 
a prime divisor and /j is a positive integer. has the form 

J=l 

where hj and Cj are nonnegative integers and hj < 2 and moreover Hq or hi is strictly 
positive (remember that —Kx = 2i7o + 2-ffi— X^^li Ej), or in the case the curve is included 
in the total transform of a blow-up point: 

XT' ZT'ZT' ZT'ZT' ZT'ZT'ZT' ZT'ZT' ZT'ZT' ZT'ZT' 

TP TP TP TP TP TP TP TP TP TP TP TP 

tLg — £/io, -C/10 — -C'll — -C/12, — -C'12, -£^12 — ^13-, ^13 — ^lA, ^14- 

Let US first suppose that there does not exist F^ such that Fi = E13 — E14. Then there 
exists a Fi such that F^ has the form as hoHo + hiHi — J2]=i ^j^j where 614 is strictly 
positive. This means that Fi has an intersection point with £^14 and therefore this divisor 
passes the point of the 14-th blow-up before the blow-up. Namely, 

\x^{x/y-l) y y ) 

as x,y ^ 00. Denoting u = l/x,v = 1/v, wc have v? /{v — u) = and {v — u){v'^ — 2v + 
1 — au^)/u^ = as f — > 0. This implies v'^ — 2v + 1 — au^ = o(^j^) and hence we have 
/lo > 5, which is a contradiction. 
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Similarly there does not exist a divisor which has the form HoHq + hiHi — X]j=i ^jEj 
where ei2 or ei3 is strictly positive and hj < 2. 

Now, we can consider the case where there does not exist a Fi such that Fj = E14. Then 
according to the above result, there should exist integers j, k such that Fj = E13—E14, Fk = 
E12 — -B13 and /j = = 2 (in the absence of a prime divisor £'14, the form of —Kx 
forces fj = 1 and subsequently /jt = 2 in order to have the correct E'la dependence). 
Considering the new coefficient of i?i2, we have that the sum of the coefficients of E11 — E12 
and £'10 — Ell — E12 has to be 3. 

Then we have the following possibilities: 

i) the coefficient of En — E12 is 0; 

ii) the coefficient of En — E12 is 1; 

iii) the coefficient of £^11 — E12 is 2; 

iv) the coefficient of En — E12 is 3. 

In the case i),ii),iii) or iv) the coefficient of En is —3, —1, 1 or 3 respectively. Hence i) 
is impossible. To pass the point of the 11-th blow-up, a divisor whose class has the form 
hoHQ + hiHi — Yl^jLi^jEj ™ust satisfy the equation n = and {v — u)/v?' = 0. This 
implies hQ>2,hi>l and en = 1 and therefore iii) and iv) are impossible. Consequently 
the coefficient of En — E12 has to be 1 and the coefficient of £10 — En — E12 has to be 2. 

Along the same lines, considering the coefficient of £10, we have the following possi- 
bilities: 

a) the coefficient of £9 — £10 is 0, in which case the coefficient of £9, £10 is 0,2; 

b) the coefficient of £9 — £10 is 1, in which case the coefficient of £9, Eiq is 1,1; 

c) the coefficient of £9 — Eiq is 2, in which case the coefficient of Eg, Eiq is 2, 0; 

d) the coefficient of £9 — Eiq is 3, in which case the coefficient of £9, £10 is 3, —1. 

To pass the point of the 10-th blow-up, a divisor whose class has the form hoHo+hiHi — 
Yl]=i^jEj must satisfy the equation u = and v/u = 1. It implies two possibilities: i) 
^0 ^ 1; ^1 ^ 1) 69 = eio = 1 and 62,63,64,66,67,68 = (since if 62 would be strictly 
positive, the intersection of the divisor /lo-ffo + hiHi — X^^Li ejEj and x = 00 {= Hq) 
is greater than or equal to 3, which is impossible) or ii) /lo-f^o + hiHi — Yl]=i ^j^j = 
2Hq + 2Hi — 2Eq — 2EiQ. Therefore a) is impossible. In the case b) the coefficient of Eg 
becomes —1 (or 1,3 in the cases c), d) respectively) and the coefficients of Hq and Hi 
become equal to 2 (or become greater than or equal to 1, become in the cases c), d) 
respectively). 

In the case b) the coefficients of -Ei, £2) ■ ' ' ; -^8 is and hence the remaining contribu- 
tion —El — ■ ■ ■ — Eg must be a sum of the terms: 

El — E2, E2 — E^jEs — £4, £4, £5 — Eq^Eq — Ej, E-j — Es, Eg, (21) 

with nonnegative integer coefficients. Obviously this is impossible. In the case c) the 
remaining contribution has the form 69-^^0 + b'lHi — biEi — ... — bgEs — 2Eg, where 69, b'l = 
or 1, 621 ^3, bi, bQ, 67, ^8 = 1 and 61, ^2 = or 1 and hence it must be a sum of Hq — Ei — 
E2 — Eg, Hi — E^ — Eq — Eg and (]2l| ) with nonnegative integer coefficients. By straight 
forward discussion it can be seen that this case is also impossible. 

The coefficient of Eg — Eiq therefore has to be equal to 3 and hence the coefficient 
of Eg has to be 3 as well, from which point on it can be easily seen that the remaining 
contributions to —Kx are uniquely determined. 

Similarly, starting from the supposition that there does exist a Fi such that Fi = E14, 
similar proof can be given. r-i 
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